Abstract. In this paper we study the structure of positive-de nite Toeplitz kernels on free semigroups (called also multi-Toeplitz) and its implications in noncommutative dilation theory, harmonic analysis on Fock spaces, prediction and interpolation theory for stationary stochastic processes.
Introduction.
Let F + n be the unital free semigroup on n generators: g 1 ; : : : ; g n , and let B(H) be the algebra of all bounded linear operators on a Hilbert space H. A positive-de nite kernel on F + n is a map K : F + n F + n ! B(H) with the property that Partially supported by NSF Grant DMS-9531954.
Typeset by A M S-T E X 1 for any h 1 ; : : : ; h k 2 H, 1 ; : : : ; k 2 F + n , and k 2 N. A kernel K on F + n is called multi-Toeplitz if K(e; e) = I H , (e is the neutral element in F + n ) and K( ; !) = 8 > < > :
K( ; e); if = ! for some 2 F + n K(e; ); if ! = for some 2 F + n 0; otherwise.
In this paper we study the structure of positive-de nite multi-Toeplitz kernels on free semigroups and its implications in noncommutative dilation theory, harmonic analysis on Fock spaces, prediction and interpolation theory for stationary stochastic processes. The existence of a Schur type description S] of an arbitrary contraction was rst established in CeF] (see also FFr] and BC]). In Po4], we obtained a Schur type description for contractive multi-analytic operators on Fock spaces, using certain generalized Schur sequences of row contractions.
In Section 1, we show that any positive-de nite multi-Toeplitz kernel K : F + n F + n ! B(H) uniquely determines and is uniquely determined by a sequence of row contractions f? j g 1 j=1 called generalized Schur sequence Po4] . We obtain a concrete matrix representation of the minimal Naimark dilation N] for positive-de nite multi-Toeplitz kernels on free semigroups Po6] , in terms of their generalized Schur sequences, extending the noncommutative minimal isometric dilation theorem for row contractions Po1] .
In Section 2, we use the geometric version of the minimal Naimark dilation (from Section 1) to show that there is a one-to-one correspondence between the set of all where f? j g 1 j=1 is the generalized Schur sequence associated to K. As in the classical case, we obtain information about the asymptotic distribution of the eigenvalues of of the multi-Toeplitz matrix M m .
In Section 3, we associate with each positive-de nite multi-Toeplitz kernel a uniquely determined maximal outer factor. This leads to factorization theorems for operators in B(H; F 2 n K), where F 2 n is the full Fock space on n generators (see In Section 5, we solve this problem, obtain a parametrization of all solutions in terms of generalized Schur sequences, and nd the maximal entropy solution. The results of this paper can be used to develop a theory of stochastic n-linear systems (see Fr] for the case n = 2). Our connection with positive-de nite multi-Toeplitz kernels is presented in Section 5.
1. The structure of positive-de nite Toeplitz kernels on free semigroups.
We de ne a total order on F + n as follows. Let = g i1 g i k and ! = g j1 g jq be in F + n . If j j < j!j we say that !. If j j = j!j = k, then we say that ! if and only if (i 1 ; : : : ; i k ) (j 1 ; : : : ; j k ) with respect to the lexicographic order on N k . Proposition 1.1. Let 
Therefore, there is a unitary operator U :
Since V 1 ; : : : ; V n ] is unique up to an isomorphism we can choose U = I. Then D 1 = D ?1 , and
for any h i 2 H. Hence, B 1i = D ?1 E i for any i = 1; : : : ; n. This shows that the rst column in (1.8) coincides with the rst one from (1.4). Since V i ; i = 1; : : : ; n, have orthogonal ranges, all their columns must be isometric and with orthogonal ranges. Hence, and using the orthogonality of the ranges of the isometries in (1.5), one can deduce that V i ; i = 1; : : : ; n, can be identi ed with those given by (1.4). Indeed, using Halmos extension of ? 1 , we infer that
Since the second column in (1.8) is isometric and orthogonal to the rst column, relation (1.9) and the minimality condition (1.7) show that the second column in ( .5) and (2.6). Therefore, there is a one-to-one correspondence between fK(e; )g j j m and the generalized Schur sequences f? j g m j=1 . In particular, the operators fK(e; )g j j m?1 and fK(e; g i ) : i = 1; : : : ; n; j j = m ? 1g uniquely determine and are uniquely determined by f? j g m?1 j=1 and ? m , respectively. Szeg o's limit theorems concern the asymptotic properties of the positive Toeplitz determinants, having interpretation in the geometry of the stationary process represented by the considered Toeplitz kernel. Using our Cholesky factorization, we obtain the following extension of Szeg o's limit theorems to our setting. for any p = 0; 1; 2; : : :: Hence,
for any p = 0; 1; 2; : : :: Setting p ! 1, we deduce that
Since exp E(K) = (K), the result follows. and let us prove that K has the required properties. Using (3.1), (3.3), (3.4), and taking into account that G is reducing for each V 1 ; : : : ; V n , we infer that
Therefore, using (3.2), we have Since K K and is outer, Q extends to a contraction from F 2 n K 0 to F 2 n K.
Since Q(S i I K 0) = (S i I K )Q for any i = 1; : : : ; n, Q is a multi-analytic operator. Therefore Q = A with := Qj K 0. Using (3.8), we infer that = A . It is easy to see that if K = K , then is inner and if in addition is outer, then A is a unitary operator. According to Po2], A is a diagonal operator.
We can prove the uniqueness of in Theorem 3.1. Assume that there is another outer operator 0 2 B(H; F 2 n L 0 ) such that K = K 0. Using Theorem 3.2, we nd a unitary diagonal operator A 2 B(F 2 n L 0 ; F 2 n L) such that = A 0 .
Therefore, is uniquely determined up to a unitary diagonal operator on the left.
We shall call the maximal outer factor associated with the kernel K.
The following result extends the classical inner-outer factorization (see RR]) as well as the one from Po3]. 
Szeg o in mmum and prediction theory.
A stochastic n-linear process is described by a family X := fx( )g 2F + n of isometries x( ) 2 B(H; K); 2 F + n . The covariance kernel of the process is de ned by K( ; !) := x( ) x( ). It is clear that K : F + n F + n ! B(H) is a positive-de nite kernel with K(e; e) = I H . The process X is called stationary if K is a multi-Toeplitz kernel.
Given a positive-de nite multi-Toeplitz kernel K on F + n , there exists a geometric model of a stochastic stationary process with covariance kernel K. Indeed, a Let us remark that, using the matrix representation of V i ; i = 1; : : : ; n (see (1.4)), one can calculate P j j=m hV V h; hi in terms of the generalized Schur sequence associated to K, and hence, in terms of K( ; !); ; ! 2 F + n , using relations (2.1), (2.2), and (2.3).
Let T 2 B(F 2 n H) be a non-negative multi-Toeplitz operator (see Section 3). K(e; ) = P H T j H for j j m:
According to Corollary 1.2, the multi-Toeplitz kernel de ned by K max (e; ) := P H T j H for any 2 F + n , is positive-de nite. Relation .2). On the other hand, for any 2 F + n , CT QC = P H T j H = P H V j H = K(e; ) = R( ): Therefore, fT 1 ; : : : ; T n ; B; C; Qg is a stochastic n-linear realization of R. Since C (H) = H, we infer (5.4). Since T i P Z = P Z V i ; i = 1; : : : ; n, the condition (5.3) follows from the minimality of V 1 ; : : : ; V n .
Conversely, assume that fT 1 ; : : : ; T n ; B; C; Qg is a stochastic n-linear realization of R. Without loss of generality, assume that Q = I (otherwise one can use a similarity transform). The equation (5.2) shows that T 1 ; : : : ; T n ] is a row contraction.
Using Proposition 1.1, the result follows. The proof is complete.
